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Abstract. The estimation method of the particle trajectory from the far electromagnetic 
fields which are produced by the particle, is presented. Using the Lienard-Wiechert 
superpotentials, the authors have previously presented the estimation method of the 
particle trajectory for the case that the motion is periodic and non-relativistic. This paper 
indicates that the estimation method can be expanded to the relativistic case. 

1. Introduction 

One of the authors discussed superpote itials for the Litnard-Wiechert potentials (the 
Lihard-Wiechert superpotentials) [l]. The physical meaning of the superpotentials is 
‘the coordinate of the particle which produces the L.itnard-Wiechert potentials’. This 
implies that if one can calculate the superpotentials from the electromagnetic fields, 
the particle trajectory can be estimated from the electromagnetic fields. The concrete 
estimation method of the source particle trajectory using this concept was presented in 
[Z]. However, the estimation method presented was for the special case that the 
motion is periodic and non-relativistic. Also, one had to select appropriate obser- 
vation points of the electromagnetic fields (this condition was not stated explicitly in 

In this paper, a more general estimation method of the source particle trajectory 
from the electromagnetic fields is presented. That is to say, this method can be used 
for the relativistic case and the selection of observation points is not necessary. 

PI). 

2. Lienard-Wiechert superpotentials and far electromagnetic fields 

In this section, the Li6nard-Wiechert potentials and the relation between the 
Litnard-Wiechert superpotentials and the far electromagnetic fields are summarized. 

The Litnard-Wiechert potentials A‘ are expressed in the covariant form as 

e ui(z) 
A’(ct, X) =- 

~ Z C ~ C ‘  R&)K*(T) 

where U’= (yc, yu(t))  is the four velocity of the particle, y =  (1 - u z / c z ) ~ ” * ,  e is 
elementary charge, to is a dielectric constant, c is the velocity of light and Rk(z) is a 

0305-4470/93/174431+09 $07.50 0 1993 IOP Publishing Ltd 4431 



4432 

displacement vector defined by Rk(r) =x'-y'(r)  (where xi( = ( c t , ~ ) )  is the four- 
dimensional coordinate of the observation point, y'(r)(  = ( n , y ( r ) ) )  is the four- 
dimensional position vector of the particle andy(t) is a trajectory of the particle with a 
parameter t ) .  Then, z is the so-called 'retarded time' which satisfies the following 
causal relation: 
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Here, 0 is D'Alembertian. Solving (2), one can regard the retarded timc rory'(7) 
as a function of t and x(r=r(ct, x) or y'=y'[r(cf,  x)]). Then, using the function y'(r) 
(the Lienard-Wiechert superpotentials), the Lienard-Wiechert potentials can be 
expressed as [ 11 

e 
(3) 

And also, eva!uating (3) in the Fourier form, the relation between the far electromag- 
netic fields and the superpotentials can be obtained as follows. That is to say, if the 
motion is periodic, the spatial component of the Lienard-Wiechert superpotentials 
y(z) in the far fields are expressed as [2] 

w 
y(ct,x) =y&) +: n sin[ n( wt-u--  C Ix-y(u)\)] dy(u) (4) 

" = I  

where 

X 
y,(x) = M  x - 

1x1 

and w is the angular frequency of the periodic motion. 
On the other hand, using the expression of the Lienard-Wiechert potentials 
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where 

forn=O 
forn#O 

the far electromagnetic fields can be expressed as 

0 

E(ct, x) = 4 d d  1x1 2 . [ ~ ~ 1 ~ d u s i n [ n ( w t - u - - l x - y ( u ) I  C 

w 
- 1 duF sin[ n( wt - u - - C ~x -y(u)l 

0 
x 1: d o 2  sin [ n( wt- u- - C lx-y(u)] 

Now, introducing the following notation: 

0 

C 
fn(ct, x) = 1: do sin [ n( wt - 0 - - lx - y(u) 1 

equations (10) and (11) are rewritten as 
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(9) 
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tAatobservation Poyntingvector point A 

Poynting Vector 
atobservaoon point B 

Any periodic motion 

Figore 1. Estimation of the centre of trajectory from the Poynting vectors at two 
observation points. 

Noting that 
X 

E = c B X -  
1x1 

and using (loa) and (lla), we obtain 

This implies 

It is clear that the vector h. is the normal component of vector g. to the unit vector 
x/lxl. Then, the LiCnard-Wiechert superpotentials (4) are rewritten as 

It should be noticed that the first term of the (40) is independent of the timet and 
that the second term is periodic with respect to the timet. Therefore one can interpret 
the first term as the mean position in the particle trajectory. From here, we shall call 
the first term 'the centre of the particle trajectory'. It is noticed that the centre of the 
particle trajectory can be found from the electromagnetic fields (or the Poynting 
vectors) at any two points (figure 1). Also, the unit vectorxllxl can be calculated using 
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the centre of the coordinate and the observation point. Then, if one selects the 
appropriate observation points (i.e. g. x/lx( =O), we obtain 

Therefore, the vectorg. (or the superpotentialsy) can be calculated from each Fourier 
component of the far electromagnetic fields (E.) directly (because the first term of the 
(4u) can be neglected in the non-relativistic case). In [Z], this case was considered. 
However, one can find the estimation method for the more general case as follows. 
After finding the centre of the trajectory from the Poynting vectors, one can establish 
the coordinate system appropriately. Then, if one observes the electromagnetic fields 
on the axis (i.e. x/lxl= i, j ,  k where i, j and k are the unit vectors of the coordinate 
system), the projected vectors h. of the vectors g. on the y-z, z-x and x-y plane are 
obtained (figure 2). Now, it is found from (4u) that the following relation between the 
superpotentials and the electromagnetic fields is derived: 

y(ct, x )  - y(ct, x )  * - - ( I:,! ,:I 

z 

Projected vectors ( h 1 of vector g 

m" : Projectiomtay.zplane 

: Projectio"toz.rplane 

:Projection bryplo"c 

Vector 

0 

FigureL Projected vector h and its origin vector g. 
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Fignre3. Shifted trajectories and real trajectories in each plane 

where y, is the projected trajectory on the plane perpendicular to the vector x/lx I. 
Therefore, when x/lxl =i, j ,  k ,  one can calculate the projected trajectories yI on the 
each plane which are shifted by the vector yo( =MXx/lxl) using the electromagnetic 
fields. Here, it should be noticed that for the above three observation points 
(x/lxl =i, j ,  k), there are the following expression for the vectors yo: 

M x i = ( O , M , ,  -My) 

M x k = ( M , ,  -M,,O). 
M x j =  ( - M z ,  0 ,  M x )  

Therefore, one can calculate the each components of the vector U from the relative 
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7 

Figure4. (a) The projection on the y-z plane of the particle trajectory for circular 
motion; (6)  the projection on the z-x plane of the particle trajectory for circular motion; 
(c) the projection on the x-y plane of the particle trajectory for circular motion. 
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Estimated trajectory 

Figum5. The estimated trajectory from the projections for circular motion 

shifts of the shifted trajectories, y, -yo (figure 3), solving the following equations: 

My + M ,  = A  
M, + M, = B  (18) 

M ,  + My = C 
where A is the relative shift between the projected trajectories in the y-z plane and in 
the L-x plane for the z direction, B is the relative shift between the projected 
trajectories in the x-y and y-z planes for the y direction and C is the relative shift 
between the projections in the z-x and x-y plane for the II direction. If the vector M is 
obtained from (IS), the vector yo can be easily calculated using (6). Then, using the 

0 
Y 

> 

i! 
Estimated trajectory 

Figured The estimated trajectory from the projections for undulating motion. 
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vector yo, non-shifted projected trajectories yI are obtained. Finally, the real trajec- 
tory y can be estimated from the projected trajectories y ,  on each plane. 

From the above discussions, one can say that the Li6nard-Wiechert superpoten- 
ti& y(ct, x) or the particle trajectory can be calculated from the far electromagnetic 
fields which are produced by the particle, even if the particle motion is relativistic. 

3. Numerical simulations 

In this section, the estimation method presented in the previous section is confirmed 
using numerical simulations, then a caveat on the implementation of the method is 
stated. 

First, circular motion of the particle in the constant magnetic field is considered, 
but, in this case, the orientation of the magnetic field does not coincide with any axes. 

Here, there is a caveat on the calculation of the centre of the trajectory. In the 
relativistic case, the origin of the Poynting vector does not coincide with the centre of 
the trajectory, because most of the radiated power is emitted &om a very small part of 
the trajectory [3]. Therefore, one should use Poynting vectors which are observed at a 
large number of observation points and take the mean value of these centre points, 

In figures 4(a), 4(b) and 4(c), the projections of the particle trajectories in the 
constant magnetic fields onto the y-z, z-x and x-y plane are drawn. In figure 5 the 
estimated trajectory from the projections is drawn. The velocity of the particle is 95% 
of the velocity of light. 

In figure 6, as an example of a three-dimensional trajectory, an undulating 
trajectory is shown. The velocity of the particle is 95% of the velocity of light. 

In each figure, the trajectories are estimated exactly. 

4. Summary 

In this paper, the relation between the particle trajectory and the far electromagnetic 
fields has been presented for any periodic motion. One finds that using this relation, 
the source particle trajectory can be estimated using the far electromagnetic fields, 
even if the motion is relativistic. 
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